Introduction
According to a theorem of Belyi, compact Riemann surfaces with models overQ are precisely those admitting a non-trivial meromorphic function unramified outside of {0, 1, ∞}. Let H denote the upper half plane and Γ(N ) the principal congruence subgroup of level N . Realizing C − {0, 1} as Γ(2)\H, one deduces that curves defined over number fields contain Zariski open subsets that are uniformized by H modulo a finite index subgroup of Γ (2) . The main result of this note (Theorem 3.1) states that curves X admitting a pair of Belyi functions f and g with identical critical points, and generating the function field of X are precisely compactifications of curves of the form Γ\H where Γ = Γ(2)∩Γ 0 (2N ). A partial extension of this result to the modular group Γ(1) = SL 2 (Z) (replacing Γ(2)) is given in §4. This extension will be used to calculate (in principle) the modular equation for X 0 (N ) = Γ 0 (N )\H * (Examples 4.3, 4.4 and 4.5) and certain special values of the j-function (see for example Corollary 4.6 ). An immediate generalization of our main theorem is to the case where the function field is generated by a number of Belyi functions with the same set of critical points. This is the content of Theorem 3.2. A straightforward argument establishes that all of the curves discussed in these two theorems can be defined over the rationals.
The paper is organized as follows. In §2 the background material about Belyi functions on modular curves and two methods for their construction are discussed. The calculation of Belyi functions and dessins d'enfants for congruence subgroups appears in [3] and [5] in the particular case of dessins associated to torsion-free congruence subgroups of genus 0. In [7] cusp forms are utilized to embed modular curves in projective spaces and the defining equations of the curves are obtained by analyzing the q-expansions of these forms. In §3 the main result of the paper, Theorem 3.1, is proven. The fourth section is devoted to our primary example of a modular curve whose function field is generated by two Belyi functions, that is the modular curve Having two Belyi functions in hand, comparing the corresponding dessins might reveal some new data and when they generate the function field, the algebraic dependence relation between them gives rise to equation of a plane curve whose normalization is our Riemann surface. For the sake of brevity, some details of calculations are omitted and the reader can consult [1] for a much lengthier treatment where other examples are also discussed.
We mainly follow notations of [6] : H * := H ∪ Q ∪ {∞} denotes the upper half plane union cusps for Γ (1) and Γ always indicates a finite index subgroup of Γ(1). We denote the compact Riemann surface Γ\H * by X(Γ). 
Belyi Functions on Modular Curves
The purpose of this section is to discuss two ways for equipping modular curves with some natural Belyi functions. For a more comprehensive account of these two constructions and also more examples of them see §2, §3 in [1] where calculations have been carried out in full detail.
In the action ofΓ(1) on H, points with non-trivial stabilizer are exactly the elements of the orbits Γ(1).ρ or Γ(1).i with stabilizers of orders three and two respectively. Thus branch values of the map Γ\H → Γ(1)\H are among [ρ], [i] ∈ Γ(1)\H. Moreover, the point [τ ] ∈ Γ\H where τ ∈ Γ(1).ρ (resp. τ ∈ Γ(1).i) is a ramification point of this map if and only if τ is not an elliptic point of Γ and in that case, the multiplicity of this point is three (resp. two). The only other ramification value that Γ\H * → Γ(1)\H * may possess is [∞] whose fiber is the set of orbits of cusps for Γ. Hence Γ\H * → Γ(1)\H * is a Belyi function if one identifies X(1) = Γ(1)\H * with CP 1 in a way that the subset containing two elliptic orbits (points [ρ], [i] ∈ X(1)) and one orbit of cusps (point [∞] ∈ X(1)) bijects to {0, 1, ∞}. The multiple 1 1728 j of the modular function j : H → C gives us such an identification since j has a simple pole at infinity and satisfies j(ρ) = 0 and j(i) = 1728. Thus, for any Γ, the function 1 1728 j : X(Γ) = Γ\H * → CP 1 is Belyi. The number of black or white vertices of the dessin associated with this Belyi function (that is, points of f −1 (0) or f −1 (1) ) is related to the number of inequivalent elliptic points of order three or two respectively. Let us denote these numbers by ν 3 and ν 2 . There are also vertices corresponding to poles of the Belyi function which are marked by × in our pictures. They can be thought of as vertices located in centers of faces and the degree of such a vertex (the order of the pole that it represents) is half the number of edges of the corresponding face. The number of such vertices is the number of inequivalent cusps, denoted as ν ∞ . For principal congruence subgroups Γ(N ) the Belyi function is a regular (or Galois or normal) ramified cover withΓ(1)/Γ ∼ = PSL 2 (Z N ) as its group of deck transformations. The corresponding dessin on X(N ) has many symmetries and exploiting them simplifies calculating this Belyi function as we shall see in the example below: For N = 2, µ 2 = 6 and the corresponding dessin on the sphere is displayed in Figure 2 .1 whose Belyi function is (2.1) f (z) = 4 27 2 , while when N = 3, µ 3 = 12 and the Belyi function is
Proposition 2.1. Notations as above, for a finite index subgroup
and the genus zero dessin is illustrated in Figure 2 The symmetries have been employed to obtain these dessins. In the case of N = 2, the deck group Deck(f : Figure 2 .2, the deck transformation groupΓ(1)/Γ(3) is a version of the alternating group A 4 such that cosets of T and S correspond to a 3-cycle and a product of two disjoint transpositions in A 4 , respectively. The dessin is drawn in a way that T is the 120 • rotation about the origin whose fixed points are 0 and ∞, representing orbits 1 In Proposition 2.1 edges of the dessin can be described as
For a torsion-free Γ there is a general method discussed in [3] for drawing the underlying graph of the dessin by relating it to the Schreier coset graph associated with the subgroup Γ of PSL 2 (Z). , that we will denote as α : CP 1 → CP 1 hereafter, is a degree six map which satisfies 1 1728 j(τ ) = α(λ(τ )) for any τ ∈ H. Interpreting Γ(2)\H as the moduli space of elliptic curves in a Legendre form y 2 = x(x − 1)(x − λ) and Γ(1)\H as the moduli space of elliptic curves, 1728α is just the description of the j-invariant in terms of the Legendre form. Our discussion on the deck transformation group of α in Example 2.2 translates to λ(
Hence applying an element of Γ(1) to τ alters λ(τ ) only up to the action of S 3 on C − {0, 1} generated by
These Möbius transformations generate the classical anharmonic group
Next, we propose a second method for constructing Belyi functions in which the monodromy representations are easy to describe. Let Γ be a finite index subgroup of Γ(2). Here is the key point: there is not any elliptic point for Γ(2) but there are exactly three inequivalent cusps:
Fixing the identification of X(2) = Γ(2)\H * with CP 1 in Figure 2 .1, these orbits correspond to 0, 1, ∞ and so the quotient map H → Γ(2)\H realizes the upper half plane H as the universal cover of C − {0, 1}, the space which is identified with Γ(2)\H via the modular function λ of level 2 introduced in Remark 2.3. Then, for any finite index subgroup Γ of Γ(2), the obvious map
:Γ] may be assumed to be Belyi. The main advantage of working with this Belyi function rather than X(Γ) → X(1) ∼ = CP 1 introduced before, besides having lower degree that eases computations, is that the monodromy homomorphism of
1 , which specifies the isomorphism class of the Belyi function, has a simple description in terms of the subgroup Γ because unlike the map H → Γ(1)\H, which is ramified, here H → Γ(2)\H ∼ = C − {0, 1} is the universal covering map and it suffices to determine the monodromy around three punctures (2) with the free group on two generators π 1 (C − {0, 1}) such that T 2 and ST 2 S −1 correspond to homotopy classes of small counterclockwise loops around ∞ and 0 respectively (which is consistent with the identification of π 1 (C − {0, 1}) with Deck(H → Γ(2)\H) ∼ =Γ(2)), one gets, following notations of [2] , σ 0 , σ ∞ in the permutation representation (σ 0 , σ 1 , σ ∞ ) of this Belyi function. 
Proposition 2.4. Let Γ be a finite index subgroup of Γ(2). Then the obvious map
and then switching to the identification of C − {0, 1} with Γ(2)\H through λ, one has to study the monodromy of the unramified cover
two continuous curves t → γ(t) and t →γ(t) in H, t → [γ(t)] lifts to t → [γ(t)] in the preceding unramified cover if and only if α(λ(γ(t))) = λ(γ(t)).
Thus everything boils down to the monodromy of α which was analyzed in Example 2.2 : in the regular ramified covering α : CP 1 → CP 1 the deck transformations group is generated by Möbius transformations z → 1 − z and z → 
where Γ is the stabilizer of the trivial coset in the action Γ(2) on the set of right cosets ofΓ inΓ(1) where the actions of T 2 and ST 2 S −1 are by right multiplication at T and S (or any two other generator ofΓ(1)). Now Proposition 2.4 determines the monodromy representation of the previous covering and hence that of the original one Γ\H * → Γ(1)\H * . 3
Function Fields Generated by Two Belyi Functions
We now discuss our main theorem concerning a certain class of curves overQ. Proof. By identifying C − {0, 1} with Γ(2)\H just as before, there is a finite index subgroup Γ of Γ(2) which uniformizes a Zariski open subset of X via f : X → CP 1 . This implies that X is just X(Γ) = Γ\H * and f is the natural map X(Γ) → X(2) ∼ = CP 1 . But the same is true for g : X → CP 1 which yields the similar description X(Γ ) → X(2) ∼ = CP 1 of this Belyi function for another finite index subgroup Γ . Removing cusps, i.e. points in the fibers of f and g above 0, 1, ∞, these functions restrict to unramified covers Γ\H → Γ(2)\H and Γ \H → Γ(2)\H. Hence Γ\H and Γ \H are both isomorphic to this punctured surface obtained from X. But any isomorphism Γ\H → Γ \H must be of the form [τ ] → [u(τ )] where u ∈ GL + 2 (R) due to the fact that Aut(H) = PSL 2 (R). In order for this isomorphism to be well-defined, one should have Γ = uΓu −1 . Thus Γ is also contained in u −1 Γ(2)u. The group Γ(2) ∩ u −1 Γ(2)u coincides with its subgroup Γ: it just suffices to note that Belyi functions f :
But the function field of this curve is included in C(X) = C(f, g). We conclude that there is an equality of the function fields and hence these subgroups of Γ(2) are the same.
On the other hand, for any such Γ, functions f, g are Belyi. For f this is the content of Proposition 2.4 and for g this is due to the fact that
After removing cusps from X(Γ), f restricts to the unramified cover Γ\H → Γ(2)\H. Hence by removing finitely many point from Y , we get a punctured surface isomorphic toΓ\H for some suitableΓ between Γ and Γ(2) such that β is isomorphic with Γ\H →Γ\H. But the function g induced by [τ ] → [u(τ )] ∈ Γ(2)\H must descend to a well-defined function onΓ\H which is the case if and only ifΓ is contained in u −1 Γ(2)u or equivalentlỹ Γ = Γ.
Next, we claim that up to a scalar multiple, elements u of GL 
The fact that the first matrix belongs to Γ(2) indicates that x 2 M, xzM, z 2 M are integers. Therefore, denoting gcd(x 2 M, z 2 M ) by k, real numbers x and z may be described respectively as α 
Therefore, applying the isomorphism
respectively. Moreover, according to Remark 2.3, the elements v, w of SL 2 (Z) change λ through composing it with an element of the anharmonic group. For the last part, it suffices to show that the minimal polynomial of λ(N τ ) over the field C(λ(τ )) is with rational coefficients. In a neighborhood of ∞ the modular function τ → λ(τ ) for Γ(2) has a Laurent series expansion in terms of q 1 2 = e πiτ with rational coefficients. Hence the same is true for τ → λ(N τ ) as ∞ is a fixed point of τ → N τ . Now plugging these Laurent series of q 1 2 in the minimal polynomial indicates that coefficients of this polynomial are solution to a linear system with rational coefficients. The solution is unique as the minimal polynomial is unique and therefore it also lies in Q.
Arguments used in this proof immediately establish the following generalization to the case of more than two Belyi functions. Consider all (k + 1)-tuples (X, f 1 , f 2 , . . . , f k ) where X is a compact Riemann surface, functions
Theorem 3.2. Notations as above, such (k + 1)-tuples can be classified up to isomorphism as
where u i 's (2 ≤ i ≤ k) are integer matrices of positive determinants, Γ is the finite index subgroup Γ = Γ(2)∩u (2) 
) is modular for Γ 1 . This finite index subgroup of Γ(2) thus is contained in Γ(2)∩u 
which away from cusps provides us with an embedding X * := Γ\H → C k . Any two components λ(u i (τ )) and λ(u j (τ )) (1 ≤ i, j ≤ k distinct and u 1 := I 2 ) satisfy an equation which is the algebraic dependence relation between λ(τ ) and λ(u i u −1 j (τ )). This is over Q because after multiplying u i u λ(u i (τ )), λ(u j (τ )) (1 ≤ i < j ≤ k) satisfy define an affine algebraic curve in C k birational to X. Hence X has a model over the rationals.
Remark 3.3.
In some sense the algebraic dependence between λ(τ ), λ(N τ ) is the prototype of any algebraic relation that a function, modular for a finite index subgroup of SL 2 (Z), and its twist with an automorphism may satisfy. Rigorously speaking, let f be a non-constant modular function for the finite index subgroup Γ of SL 2 (Z), Φ(X, Y ) a polynomial without multiple factors and u ∈ PSL 2 (R) an automorphism of the upper half plane H such that Φ(f (τ ), f (u(τ ))) = 0 for all τ ∈ H. When τ varies in a small enough neighborhood of a generic point of H, it is possible to express f (u(τ )) in terms of f (τ ) as functions α i (f (τ )) 1 ≤ i ≤ m where m := deg Y Φ and α i 's are holomorphic. There is a right action of Γ on these branches in which γ ∈ Γ maps f (u(τ )) to f (u(γ(τ ))). We conclude that f • u is modular for the finite index subgroup Γ of Γ which is defined to be the kernel of the homomorphism Γ → S m arising from this action. Hence f is invariant under the action of the subgroup uΓ u −1 of SL 2 (R) too. We claim that u is in the commensurator ofΓ (1) N τ ] is a well-defined holomorphic involution of X 0 (N ). So g must be Belyi as well, being the composition of the Belyi function f with an automorphism. The fact that j(τ ) and j(N τ ) generate the function field C(X 0 (N )) is standard. 1). Even assuming conditions outlined in that proposition about the degrees is not enough. In other words, it is not possible to formulate an analogue of Theorem 3.1 for the case where f, g : X → CP 1 are Belyi functions with C(X) = C(f, g) and f −1 (∞) = g −1 (∞) with the property that in the corresponding dessins the degree of any black (resp. white) vertex is one or three (resp. one or two). For instance, Γ 0 (2)\H and Γ 0 (3)\H are both isomorphic to C − {0} as we shall see in Examples 4.3, 4.4 whereas these subgroups of Γ (1) are not conjugate by an element of PSL 2 (R) due to different orders of torsion elements and therefore the argument employed in the proof of Theorem 3.1 breaks down.
An essential ingredient of Theorem 3.1 is existence of an automorphism whose composition with the Belyi functions f is the Belyi function g. As the preceding example concerning Γ 0 (2)\H * and Γ 0 (3)\H * indicates, the weaker assumption f −1 (∞) = g −1 (∞) is not enough to infer existence of such an automorphism. To illustrate the subtlety here, notice that even if -unlike the previous example -one assumes that moreover underlying graphs of dessins of f and g are isomorphic, still ramified coverings f and g need not to be isomorphic so there might not be any holomorphic automorphism carrying one of the dessins to the other. For instance, look at .i) where again, just as the dessin of f described in Proposition 2.1, the degree is either one or three (resp. one or two) with degree one occuring precisely when τ is an elliptic point of Γ 0 (N ). 4 Again, we observe that unlike Theorem 3.1, in Proposition 4.1 the dessins of f and g may have different black or white vertices. Actually, the new vertices appearing in the dessin of g lead to some interesting results: suppose the equation of the Belyi function f : X 0 (N ) → CP 1 is calculated and its dessin is fixed both in the algebraic (in terms of the Γ 0 (N )-orbits appearing as vertices) and the geometric (in the sense of coordinates on the Riemann surface X 0 (N )) sense. One should consider how the dessin of the Belyi function g is positioned with respect to it. There are constraints because type × vertices whose coordinates have been fixed occur in the dessin of g too. If there are enough of these constraints (three constraints in the genus zero case, one constraint in the genus one case while no constraint necessary for higher genera) the coordinates of these new vertices are determined up to finitely many choices and evaluating the function 1728f at them ( ] is the unique elliptic orbit of Γ 0 (2). Therefore, the degrees of these vertices are three, two and one respectively. Up to now, the dessin of g on X 0 (2) ∼ = CP 1 possesses three edges, one black vertex of degree three and two white vertices of degrees one and two which implies that there are two faces. But, as we observed before, points The following corollary summarizes the special values of the modular j-function obtained in this paper. We have chosen representatives of Γ(1)-orbits with imaginary parts as big as possible in order to have fast convergence in the q-expansion so that the interested reader can verify these 
